Abstract. We extend Haran's Diamond Theorem to closed subgroups of a finitely generated free profinite group. This gives an affirmative answer to Problem 25.4.9 in [FrJ].
Introduction
Haran's diamond theorem for Hilbertian fields roughly states that every extension M of a Hilbertian field K "captured" between two Galois extensions M 1 and M 2 of K is itself Hilbertian [Har] , [FrJ, Thm. 13.8.3 ]. The Diamond Theorem has an analog for profinite groups, also due to Haran:
Theorem A. Let m be an infinite cardinal. Let F =F m be the free profinite group of rank m, M 1 , M 2 closed normal subgroups of F , and M a closed subgroup of F satisfying M 1 ∩ M 2 ≤ M and M i ≤ M for i = 1, 2. Then M ∼ =F m [FrJ, Thm. 24.4.3] .
Problem 25.4.9 of [FrJ] asks for a generalization of Theorem A to the case where m is finite. A first step toward the solution of that problem is taken in [Jar] . Proposition 1.3 of [Jar] proves an analog of a theorem of Weissauer for profinite groups: Building on Theorems A and B, we settle here Problem 25.4.9 of [FrJ] by proving a diamond theorem for free profinite groups of finite rank:
Theorem C. Let F =F e with e ≥ 2 an integer, M 1 , M 2 closed normal subgroups of F , and M a closed subgroup of F with (F : M) = ∞,
The proof of Theorem A (at least in the case where m = ℵ 0 ) is reduced to solving a finite embedding problem
where G is a finite group, A is a finite nontrivial group, G 0 is a subgroup of G acting on A, and A wr G 0 G is the twisted wreath product. This embedding problem has a solution because every finite embedding problem forF ω has a solution. The same is true in the case F =F e , with e an integer, if e ≥ rank(A wr G 0 G). However, in general, this inequality does not hold.
We observe that rank(A wr G 0 G) ≥ |G| + rank(A). So, if we replace F with an open subgroup E containing M; then by Nielsen-Schreier rank(E) increases (linearly depending on (F : E)). The main problem is that replacing F with E changes the embedding problem (ϕ, α). In this change the order of G may increase and with it also |G| + rank(A). The precise condition when it is possible to choose E such that the rank condition holds is stated in Proposition 1.2. The condition of Proposition 1.2 holds if there are "many" subgroups between F and M (Lemma 2.6). In this case we say that M is an "abundant subgroup of F ".
There are cases when there are not enough closed subgroup between F and one of the subgroups M, MM 1 , or MM 2 (in which case, the corresponding subgroup is called "sparse", Definition 2.1). In this case, the above proof does not work. In these cases we prove directly (Lemma 2.4) or by using either Theorem A or Theorem B that M is ω-free.
In the last section we generalize Theorem C to pro-C groups, where C is a Melnikov formation of finite groups. We also transfer Theorem C to the theory of Hilbertian fields and prove the following result: Theorem D. Let K be a PAC field with a finitely generated free absolute Galois group of rank at least 2. Let M 1 and M 2 be Galois extensions of K. Then every infinite extension M of K in M 1 M 2 which is contained neither in M 1 nor in M 2 is a Hilbertian field.
Haran's wreath product trick
We use twisted wreath product in order to prove the Diamond Theorem under certain conditions. Remark 1.1(Twisted Wreath Product). Let G and A be finite groups and let G 0 be a subgroup of G acting on A. We define an action of G 0 on Ind Proposition 1.2. Let F =F e be the free profinite group of rank e with e ≥ 2. 
Proof. We break the proof into five parts. Part A: Embedding problem for M. As a subgroup ofF e , M is a projective group of rank at most ℵ 0 . Therefore, it suffices to show that every finite split embedding problem has a solution [FrJ, Lemma 24.8.2] . Consider an embedding problem
in which A, B are finite groups, B acts on A, β is the quotient map, and µ is an epimorphism. We have to find an epimorphism ν :
In 
In addition, since e ≥ 2, by (1b) and (3), it follows that 1 + (F : E)(e − 1) ≥ 1 + (E : E 00 ) · r(e − 1)
decomposes as in the following commutative diagram:
The action of G 0 is defined viaφ 1 . In other words:
The rank and index condition for E. As an open subgroup of F , ML is free. If we knew that rank(ML) ≥ rank(B ⋉ A), we could find a solution to the embedding problem (ϕ 1 , β). However, we cannot ensure that this solution maps M onto B ⋉ A. In order to overcome this difficulty we show in Part C how the embedding problem (ϕ 0 , α 0 ) induces an embedding problem (ϕ :
a solution of which leads to a solution of (2). Again, in order to solve (ϕ, α) we need that rank(F ) ≥ rank(A wr G 0 G). This condition does not necessary fulfilled for F . But it does for E as we now show.
Let
. By Nielsen-Schreier [FrJ, Prop. 17.6 .2], E is free of rank e ′ = 1 + (F : E)(e − 1). Thus, since rank(A wr G 0 G) ≤ rank(G) + rank(A) and by (4b),
Thus, by (4a),
Part C: Twisted wreath product. The quotient map ϕ : E → G extends ϕ 0 : ML → G 0 . Let α : A wr G 0 G → A be the quotient map of the twisted wreath product. By (5b) and [FrJ, Prop. 17.7.3] , it follows that there exists an epimorphism ψ :
Define an epimorphism π : Ind
Thus, π extends to an epimorphism π :
The following commutative diagram sum up this information:
Assume thatĀ = A/A 1 is not trivial. Then G 0 acts onĀ and we get a commutative diagram,
where λ is the epimorphism induced by the quotient map A →Ā. Now,
Hence, [FrJ, Lemma 13.7.4(a) ] there exists h 1 ∈ H 1 such thatᾱ(h 1 ) = 1 and
in contradiction to the choice of h 1 . Consequently, π(ψ(N)) = A. Part E: A solution for the original embedding problem. The maps we have defined so far gives the following commutative diagram:
to the embedding problem (2), as desired.
The next lemma replaces Condition (*) by a more convenient one. We use the next observation in the lemma and in the rest of the paper:
is an open normal subgroup of F and (F : E 00 ) ≤ (F : E 0 )!. Indeed, The action of F on the right cosets of E 0 in F induces an epimorphism of F onto the group of permutations S n , where n = (F : E 0 ), whose kernel is exactly E 00 . Lemma 1.3. Let M 1 , M 2 be closed normal subgroups of free profinite group F of finite rank e ≥ 2. Let M be a closed subgroup of F satisfying
Proof. We prove that condition (*) in Proposition 1.2 is fulfilled.
Let r ∈ N. Since (M i :
The assumption of the lemma gives open normal subgroups E 1 ≤ E containing M such that (F : E) ≥ s · (E : E 1 )! and for each i ∈ {1, 2} Condition (7a) holds or Condition (7b) holds. Set
Hence (E : E 00 ) ≤ (E : H 00 ∩ E 11 ) = (E : E 11 )(E 11 : H 00 ∩ E 11 ) ≤ (E : E 11 )(F : H 00 )
This proves (1b). In order to prove (1a) we first assume that M i ≤ E. Then
Now assume that M i E 1 = F and (E : E 1 ) ≥ 3. Then (M i ∩E)E 1 = E and thus
It follows from Proposition 1.2 that M ∼ =F ω .
Sparse and abundant subgroups
We can prove the condition of Lemma 1.3 only if there are "many" subgroups between F and M. For example, if MM 1 is "abundant" in F in the sense of the following definition. Luckily, if MM 1 is "sparse" in F then it is isomorphic toF ω (Lemma 2.4). Use of Haran's Diamond Theorem for profinite groups of infinite rank yields in this case that M itself isomorphic toF ω (Theorem 2.7). 
Proof. The rank of M is at most ℵ 0 , so, by Iwasawa, it suffices to prove that every finite embedding problem (ϕ : M → A, α : B → A) of M has a solution [FrJ, Cor. 24.8.3] By Nielsen-Schreier, K is a free profinite group of rank at least rank(B). Hence, there exists an epimorphism γ : FrJ, Prop. 17.7.3] if n is finite and [FrJ, Thm. 24.8 .1] otherwise). By the choice of K in the preceding paragraph, Ker(γ)M = K. Hence,
Consequently, γ| M is a solution of the embedding problem (ϕ, α). 
Proof. By definition, there exist m, n ∈ N such that for every open subgroup K of F containing M with (F :
If (K : L) ≥ 3 the subgroups E = K and E 1 = L satisfy the conclusion of the lemma. Otherwise, (K :
the subgroups E = L and E 1 = L 0 satisfy the conclusion of the lemma. Otherwise, (L : L 0 ) = 2 and (K : L 0 ) = 4, so E = K, E 1 = L 0 satisfy the conclusion of the lemma. Lemma 2.6. Let M 1 , M 2 be open normal subgroups of a free profinite group F of a finite rank e ≥ 2. Let M be a closed subgroup satisfying
In addition, assume that at least one of the following conditions holds:
Proof. Let s ∈ N. By Lemma 1.3, it suffices to find open subgroups
We distinguish between four cases:
Case B: (F : MM 1 M 2 ) < ∞ and MM 1 is abundant in F . By Corollary 2.3, we can replace F by MM 1 M 2 in order to assume that F = MM 1 M 2 . By Lemma 2.5, F has open subgroups E 1 < E containing MM 1 such that (F : E) ≥ s · (E : E 1 )! and (E : E 1 ) ≥ 3. Then, M 1 ≤ E and E 1 M 2 = F . Case C: (F : MM 1 M 2 ) < ∞ and MM 2 abundant in F . Swap the indices 1 and 2 and use Case B.
, if necessary, to assume that MM 1 = F and MM 2 = F . Lemma 2.5 gives open subgroups E 1 ≤ E of F containing M with (F : E) ≥ s · (E : E 1 )! and (E : E 1 ) ≥ 3. Those subgroups satisfy (9b), i.e. M 1 E 1 = F and M 2 E 1 = F . Theorem 2.7 (Diamond Theorem). Let F be free profinite group of a finite rank e ≥ 2, M a closed subgroup of F with (F : M) = ∞, and
Thus, we may assume that
If (F : MM 1 M 2 ) = ∞, then (8a) holds. Hence, by Lemma 2.6, M ∼ =F ω . Thus, we may assume that (F : MM 1 M 2 ) < ∞. By NielsenSchreier, MM 1 M 2 is a finite ranked profinite group of rank at least 2. Thus, we can replace F by MM 1 M 2 to assume that
We distinguish between two case. Case A: (F :
Without loss we may assume that (F :
If MM 1 is abundant in F , then (8b) holds. Hence, by Lemma 2.6, M ∼ =F ω .
Assume therefore that MM 1 is sparse in F . By Lemma 2.4,
In each case we have proven that M ∼ =F ω .
Applications
As in the infinite ranked case [FrJ, Thm 25.4.4] , it is possible to generalize the diamond theorem to the category of pro-C groups for each Melnikov formation C. The generalization (Theorem 3.1 below) settles Problem 25.4.9 in [FrJ] .
Recall that a family C of finite groups is called a Melnikov formation if it is closed under taking quotients, normal subgroups, and extensions.
Theorem 3.1. Let C be a Melnikov formation, 2 ≤ e < ∞, and
Proof. LetF =F e andN = MF (C) the intersection of all open normal subgroups K ofF withF /K ∈ C. Lemma 17.4.10 of [FrJ] gives an epimorphism ϕ :F → F with Ker(ϕ) =N .
In order to prove that M ∼ =F ω (C) it suffices now to show that N = MM (C) [FrJ, Lemma 17.4.10 There is a notable special case of Theorem 3.1 Corollary 3.2. Let C be a Melnikov formation of finite groups, 2 ≤ e < ∞, and M 1 , M 2 closed normal subgroups ofF e (C). Suppose none of the groups M 1 and M 2 is contained in the other and at least one of them has an infinite index. Then M 1 ∩ M 2 ∼ =F ω .
Haran's Diamond Theorem has been originally proved for Hilbertian Fields: Let K be an Hilbertian field, M a separable extension, and M 1 , M 2 Galois extensions of K. If M ⊆ M 1 and M ⊆ M 2 but M ⊆ M 1 M 2 , then M is Hilbertian [FrJ, Thm. 13.8.3] . In particular this theorem holds for ω-free PAC fields, because they are Hilbertian [FrJ, Cor. 27.3.3] . On the other hand if K is just PAC and e-free for 2 ≤ e < ∞, then K is not Hilbertian (because the rank of the absolute Galois group of a Hilbertian field has infinite index). Nevertheless, the theorem is true also for PAC e-free fields: Proof. Use Theorem 2.7 for Gal (K) and its closed subgroups Gal (M), Gal (M 1 ), Gal (M 2 ) to get that Gal (M) ∼ =F ω . By Ax-Roquette, M is PAC [FrJ, Cor 11.2.5] . Hence, by Roquette, K is Hilbertian [FrJ, Cor. 27.3.3] .
